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Abstract
A subset X in the k-dimensional Euclidean space Rk that contains n points (elements) is called an
isosceles n-point s-distance set if there are exactly s distances between two distinct points in X and if
every triplet of points selected from them forms an isosceles triangle. In this paper, we show that there exist
exactly fifteen isosceles 7-point 3-distance sets in R3 up to isomorphism.
c© 2006 Elsevier Ltd. All rights reserved.
1. Introduction
Let Rk be the k-dimensional Euclidean space, x = (x1, x2, . . . , xk), y = (y1, y2, . . . , yk) be
in Rk , and d(x, y) =
√∑k
i=1(xi − yi )2.
For a finite set X ⊂ Rk , let
A(X) = {d(x, y)|x, y ∈ X, x = y}.
If |A(X)| = s, we call X an s-distance set.
Two subsets in Rk are said to be isomorphic if there exists a similar transformation from one
to the other.
We have the following interesting problems on s-distance sets.
(1) What is the cardinality of points (elements) when the number of s-distance sets in Rk is finite
(except isomorphisms)?
(2) What is the maximum value of the cardinality of an s-distance set in Rk?
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Table 1
The maximum cardinality of 2-distance sets
k
(
k+2
2
)
The maximum The number of
cardinality of 2-distance sets giving
2-distance sets the maximum cardinality
1 3 3 1
2 6 5 1
3 10 6 6
4 15 10 1
5 21 16 1
6 28 27 1
7 36 29 1
8 45 45 ≥1
(3) Can we say something about the ratios of distances in an s-distance set?
As regards question (1), Einhorn and Schoenberg [5] showed that the number of 2-distance
sets in Rk is finite if the cardinalities are more than k + 2.
For question (2) with s = 2 and k ≤ 8, Kelly [7], Croft [4], and Lisoneˇk [10] gave the
maximum values of cardinalities. Their results are summarized in Table 1 (see [1,10]).
As regards question (3), Larman, Rogers and Seidel [9] showed that if |X | > 2k + 3, the
ratio of two distances in any 2-distance set X is given by
√
α − 1 : √α, where α is an integer α
satisfying α ≤ 12 +
√
k
2 .
Bannai, Bannai and Stanton [2] and Blockhuis [3] proved that the cardinality of an s-distance
set in Rk is bounded above by
(
k+s
s
)
. For the case s = 3 and k = 2, Shinohara [11] gave the
answers to questions (1) and (2) by classifying the 3-distance sets in R2. He proved that there are
finitely many 3-distance sets X with |X | ≥ 5. He also proved that the maximum cardinality of a
3-distance set is 7. The complete classification of 3-distance sets in R2 was also given.
We want to consider questions (1) and (2) when s = 3, k = 3. Let a be the answer to question
(1), it is known that 7 ≤ a ≤
(
3+3
3
)
= 20. Let b be the answer to question (2), it is known that
12 ≤ b ≤
(
3+3
3
)
= 20. In this paper, we investigate isosceles 7-point 3-distance sets, which
have stronger conditions, to gain a foothold in obtaining a and to classify 3-distance sets in R3
with cardinality 7.
2. Other definitions and known results
We call a set in Rk with n points a P(n)-set if every triplet of points selected from them forms
an isosceles triangle. Moreover if this set is an s-distance set, we call it an isosceles n-point
s-distance set.
Here three collinear points will be interpreted as forming an isosceles triangle if and only if
one of them is the mid-point of the other pair.
The following are the known facts about P(n)-sets and isosceles n-point s-distance sets.
• No P(9)-set in R3 exists. (Croft [4])
• There exists a unique P(8)-set in R3 up to isomorphism. (Kido [8])
• For s ≤ 4 no isosceles 8-point s-distance set exists in R3. (Kido [8])
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• P(7)-sets in R3 exist infinitely even though we remove isomorphic ones.
• No P(7)-set in R2 exists. (Kelly [7])
• There exists a unique P(6)-set in R2 up to isomorphism. It consists of five points of a regular
pentagon and its center. (Kelly [7])
Moreover the following are the known facts about 2-distance sets.
• No 7-point 2-distance set in R3 exists. (Croft [4], Einhorn and Schoenberg [6])
• There exist six (mutually non-isomorphic) 6-point 2-distance sets in R3.
(Einhorn and Schoenberg [6])
• There exist twenty-six (mutually non-isomorphic) 5-point 2-distance sets in R3 (not in R2).
(Einhorn and Schoenberg [6])
• There exists a unique 5-point 2-distance set in R2. It consists of five points of a regular
pentagon. (Einhorn and Schoenberg [6])
In this paper, we consider the classification of isosceles 7-point 3-distance sets in R3. The
following theorem is the main result.
Theorem 2.1. Any isosceles 7-point 3-distance set in R3 is isomorphic to one of the following
fifteen sets:
Here X1 and X2 contain a square, X3, . . . , X13 contain a regular pentagon, and X14 and X15
contain four points of a regular pentagon.
In X1, X2, X5, X7, X10, X14, and X15, a point has no line joining the other points. This point
means that it is equidistant from the others.
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X3, X6, X9, X11, and X13 are very similar. But they are mutually non-isomorphic because
they are mutually different from the distance which is distinct from that of an edge and that of a
diagonal line of a regular pentagon. Similarly X5 and X10 are mutually non-isomorphic, too.
3. Notation and some P(n)-set configurations
We introduce the following notation (see [4]):
(i) tetrad: a set of four points lying on a hemisphere;
(ii) pentad: a set of five points lying on a hemisphere;
(iii) apex: a point of a set of three or more points equidistant from all the others.
Let P = {P1, . . . , Pn} be a P(n)-set. We define the vertex-number V(Pi ) of a point Pi ∈ P by
the number of distinct isosceles triangles of which Pi is an apex. It is easy to see that
V (P1) + · · · + V (Pn) ≥
(n
3
)
(1)
holds.
We further say that a point Pi ∈ P is of type (r, s, . . . , u) if the lines joining it to the remaining
points of the set are constituted thus: r of length a, s of length b, . . . , u of length l, where
a, b, . . . , l are such that no two of them are equal. Setting r ≥ s ≥ · · · ≥ u, r +s+· · ·+u = n−1
clearly holds. Moreover if Pi is of type(r, s, . . . , u), then
V (Pi ) =
( r
2
)
+
( s
2
)
+ · · · +
(u
2
)
(2)
holds.
Lemma 3.1. Let P = {P1, . . . , P7} be a P(7)-set in R3, and suppose that P1 has the largest
vertex-number. Then the type of P1 is one of the following:
(3,3), (4,2), (4,1,1), (5,1), (6).
If the type of P1 is (3,3), then let us call P a 3–3 configuration, and for the types (4,2), (4,1,1),
(5,1), and (6), we call P a 4–2, 4–1–1, 5–1, and 6-configuration respectively.
Proof. Since V (P1) + · · · + V (P7) ≥
(
7
3
)
= 35 by (1), we have V (P1) ≥ 5. Let (r, s, . . . , u)
be the type of P1. Then we have(r
2
)
+
( s
2
)
+ · · · +
(u
2
)
≥ 5, (3)
and we have
r + s + · · · + u = 6. (4)
In order to satisfy (3) and (4), (r, s, . . . , u) must be one in the list of the lemma. 
Throughout this paper, we refer to the condition (X) as “four points in a set lie on a circle”
and the condition (Y ) as “a 5-point subset of a set is a 2-distance one”.
We first show the following lemma.
Lemma 3.2. If an isosceles 7-point 3-distance set exists, then the condition (X) or the condition
(Y ) is true for it.
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In the following Sections 4–8, we prove Lemma 3.2 case by case according to five types of
P1 given in Lemma 3.1. In Section 9, we deal with isosceles 7-point 3-distance sets satisfying
the condition (X). In Section 10, we consider them satisfying the condition (Y). In Section 11,
we complete the proof of Theorem 2.1.
The following propositions are useful for us for proving Lemma 3.2 and Theorem 2.1. We can
prove Proposition 3.3 using a similar method to Lemma 3.1. Proposition 3.4 considers the case
when a P(7)-set contains three collinear points. The proof is by a method similar to that used in
the proof of Lemma 6 in Croft [4].
Proposition 3.3. In a P(6)-set in R3, let P be a point that has the largest vertex-number. Then
the type of P is one of the following:
(3,2), (4,1), (5).
Proposition 3.4. If three points, P1, P2, P3, say, in a P(7)-set are collinear in this order, then
the other points of the set all lie on a circle in the plane perpendicularly bisecting P1 P3; so the
condition (X) holds.
4. The 3–3 configuration
Let P = {P1, . . . , P7} be an isosceles 7-point 3-distance set of 3–3 configuration and P1 be
of type (3,3) with corresponding distances r1 and r2. For i = 1, 2, let Si be the sphere centered
at P1 with radius ri . Let U1 = P ∩ S1 = {P2, P3, P4} and U2 = P ∩ S2 = {P5, P6, P7}.
Lemma 4.1. For any isosceles 7-point 3-distance set P of 3–3 configuration, the condition (Y)
holds.
Proof. We use the notation given above. Since P is a 3-distance set, there exists a pair of
points P1, . . . , P7 whose distance is c that is distinct from r1 and r2. Because P1 Pi = r1 or
r2 (i = 2, . . . , 7), c is the distance between a pair of distinct points in {P2, . . . , P7}. If Pi Pj = c
holds for some Pi ∈ U1 and Pj ∈ U2, then 
P1 Pi Pj would be scalene with sides r1, r2, c,
contrary to the configuration hypothesis. Thus the following condition holds:
Pi Pj = r1 or r2 for any Pi ∈ U1 and Pj ∈ U2. (5)
Hence without loss of generality we may assume P6 P7 = c.
Next we suppose that P5 P7 = P6 P7 = c. Let Pi ∈ U1 and consider 
Pi P5 P7 and 
Pi P6 P7.
Since Pi P5, Pi P6, and Pi P7 are of length r1 or r2 by (5), we must have Pi P5 = Pi P6 = Pi P7.
Thus the three points P2, P3, and P4 are on the plane perpendicularly bisecting P5 P7, the plane
perpendicularly bisecting P6 P7, and the sphere S1. Because the segment P5 P7 and the segment
P6 P7 are not mutually parallel, the two planes and S1 intersect at exactly two points. This is a
contradiction. So P5 P7 = c. Similarly we can show that P5 P6 = c.
A similar argument on the points in U1 (for example, we suppose that P2 P3 = P2 P4 = c)
implies that at most one pair of distinct two points in U1 is of distance c. So the distances apart
of at most two pairs of points in P are c. Then it is easy to see that the condition (Y) holds. 
5. The 4–2 configuration
Let P = {P1, . . . , P7} be an isosceles 7-point 3-distance set of 4–2 configuration. P1 will
denote the common center of the two spheres, which we shall call S1 (on which P2, . . . , P5 are),
S2 (on which P6, P7 are), of radii r1, r2, respectively.
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Lemma 5.1. For any 4–2 configuration, the condition (X) holds.
Proof. We have only to sum up the following propositions. The proofs are by methods similar to
those used in Kido [8]. 
Proposition 5.2. For any P(7)-set of 4–2 configuration, one of the following holds:
(i) the condition (X) holds,
(ii) the distance apart of a pair of points P2, . . . , P5 on S1 is c (c = r1, c = r2).
Proposition 5.3. We consider a P(7)-set of 4–2 configuration that satisfies (ii) of
Proposition 5.2. If the distances apart of more than two pairs of points P2, . . . , P5 on S1 are
neither r1 nor r2, then the condition (X) holds.
Proposition 5.4. We consider a P(7)-set of 4–2 configuration satisfying (ii) of Proposition 5.2,
similarly. If the distance apart of one pair of points P2, . . . , P5 on S1 is neither r1 nor r2, then
the condition (X) holds.
6. The 4–1–1 configuration
Let P = {P1, . . . , P7} be an isosceles 7-point 3-distance set of 4–1–1 configuration. We may
suppose that P1 P2 = P1 P3 = P1 P4 = P1 P5 = a, P1 P6 = b, P1 P7 = c. We remark that
A({P2, . . . , P5}) = {a}. (If A({P2, . . . , P5}) = {a}, then {P1, . . . , P5} is a 1-distance set. But no
5-point 1-distance set exists in R3.)
Proposition 6.1. If the distance apart of at most one pair of points P2, . . . , P5 in an isosceles
7-point 3-distance set of 4–1–1 configuration is b or c, then the condition (Y ) holds.
Proof. If there is no pair of distinct two points in {P2, . . . , P5} that is of distance b or c, then
we can see easily that the condition (Y) holds. When one pair is of distance b, we may assume
that P2 P3 = b. So P3 P4, P3 P5, and P4 P5 must be a or c. By the configuration hypothesis,
P3 P7, P4 P7, and P5 P7 are a or c. Then A({P1, P3, P4, P5, P7}) = {a, c}. Therefore the condition
(Y) holds. Similarly we can show when one pair is of distance c. 
So we consider the case when the distances apart of at least two pairs of points P2, . . . , P5 are
b and the ones apart of at least two pairs are c.
We notice 4-point graphs which satisfy the following conditions.
• Each graph is drawn with two or three colors.
• All triangles are isosceles.
• As for the graph which is drawn by two colors, each color must appear in at least two edges.
These two colors represent distance b and c.
• As for the graph which is drawn with three colors, two colors must appear in at least two
edges. These two colors represent distances b and c.
There exist five graphs which satisfy the conditions. These are in Table 2.
Proposition 6.2. If four points P2, . . . , P5 in an isosceles 7-point 3-distance set P of 4–1–1
configuration form the graph (i), (iv), or (v) in Table 2, then the condition (Y ) holds.
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Table 2
Proof. For i = 2, . . . , 5, Pi P6 = a or b and Pi P7 = a or c by the configuration hypothesis.
When P2, . . . , P5 form the graph (i) and the solid line in the graph means distance b, P \
{P6, No. 2 in the graph (i)} is a 2-distance set with distances a and c. On the other hand, when
the solid line means distance c, P \ {P7, No. 2 in the graph (i)} is a 2-distance set with distances
a and b. So the condition (Y) holds.
In the graph (iv) and (v), we can repeat the same discussion. (We remark that the bold line
means distance a in the graph (v).) 
Proposition 6.3. Four points P2, . . . , P5 in an isosceles 7-point 3-distance set P of 4–1–1
configuration can form neither the graph (ii) nor (iii) in Table 2.
Proof. Because V (P1) =
(
4
2
)
= 6 by (2), it holds that V (Pi ) ≤ 6 for i = 2, . . . , 7. Since P is
a 3-distance set, the type of Pi is one of the following:
(4,1,1)[V (Pi ) = 6], (3,3)[V (Pi ) = 6], (3,2,1)[V (Pi ) = 4], (2,2,2)[V (Pi ) = 3].
When P contains a point Pi which is of type (3,3), we can regard P as 3–3 configuration. By
Lemma 4.1, the condition (Y) holds. So we need not consider that the type of Pi is (3,3).
Since V (P1) + · · · + V (P7) ≥
(
7
3
)
= 35 by (1), that is, V (P2) + · · · + V (P7) ≥ 29, the
vertex-numbers of at least three of P2, . . . , P7 must be 6. So the types of them are all (4,1,1). In
particular, the type of at least one of P2, . . . , P5 is (4,1,1).
We may assume that P2 is of type (4,1,1). Looking at the graph (ii) and (iii), two solid lines
and one dotted line, or one solid line and two dotted lines radiate from each vertex. So two of
P2 P3, P2 P4, P2 P5 are the same distance that is b or c. Therefore this distance corresponds to four
of type (4,1,1) and it must be equal to two of P1 P2, P2 P6, P2 P7. Because P1 P2 = a, it must be
equal to P2 P6 and P2 P7. But since P2 P6 = a or b and P2 P7 = a or c, neither P2 P6 = P2 P7 = b
nor P2 P6 = P2 P7 = c holds. This is a contradiction.
Therefore P2, . . . , P5 can form neither the graph (ii) nor (iii) in Table 2. 
Summing up the results of Propositions 6.1–6.3, we have:
Lemma 6.4. For any isosceles 7-point 3-distance set of 4–1–1 configuration, the condition (Y )
is true.
7. The 5–1 configuration
We consider isosceles 7-point 3-distance sets of 5–1 configuration. We see that five points are
on a sphere and the center of the sphere is in the set.
Lemma 7.1. For any 5–1 configuration, the condition (X) is true.
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Proof. We have only to sum up the following propositions. The proofs are by methods similar to
those used in Croft [4]. 
Proposition 7.2. Let a P(7)-set be constituted thus: P1, which is the center of a sphere S; upon
S lie P2, P3, P4, . . ., being at least 3 and less than or equal to 5 points; and at least one P, say
P7, does not lie on S. Then those points of the set that lie on S lie on one hemisphere of S.
Proposition 7.3. If a pentad of points belonging to a P(7)-set lies on a hemisphere, then either
the condition (X) is true for it, or else the following hold.
(i) Two of the points cannot each be equidistant from the other three.
(ii) No four points are equidistant from the fifth.
(iii) If some tetrad is a 2-distance set, then one of the points is equidistant from the other three.
Proposition 7.4. If five points belonging to a P(7)-set form a pentad satisfying (i)–(iii) in
Proposition 7.3 on a hemisphere and the pentad is an s-distance set (s ≥ 3), then the condition
(X) holds.
Proposition 7.5. If five points belonging to a P(7)-set form a pentad satisfying (i)–(iii) in
Proposition 7.3 on a hemisphere and the pentad is a 2-distance set, then the condition (X) holds.
8. The 6-configuration
Let P = {P1, . . . , P7} be an isosceles 7-point 3-distance set of 6-configuration and P1 be of
type (6). Let S be the sphere centered at P1 and V = P ∩ S = {P2, . . . , P7}.
We notice that V is a P(6)-set. Let P2 be a point that has the largest vertex-number in V . By
Proposition 3.3, the type of P2 is one of (3,2), (4,1), and (5).
Proposition 8.1. If the type of P2 is (4, 1) or (5) in V , then the condition (X) holds.
Proof. We suppose that the type of P2 is (4,1) or (5) in V . Then at least four points among
P3, . . . , P7 are on the intersection of S and the sphere whose center is P2. So at least four points
are on a circle, the condition (X) holds. 
Proposition 8.2. If the type of P2 is (3,2) in V , then the condition (X) or (Y ) holds.
Proof. We suppose that P2 is of type (3,2) in V with corresponding distances r1 and r2. For
i = 1, 2, let Si be the sphere centered at P2 with radius ri . Let V1 = P ∩ S ∩ S1 = V ∩ S1 =
{P3, P4, P5} and V2 = P ∩ S ∩ S2 = V ∩ S2 = {P6, P7}.
Now V is a 2- or 3-distance set. We suppose that it is a 2-distance set. We know that there
exist six (mutually non-isomorphic) 6-point 2-distance sets in R3 (see Section 2). These six
figures are in Fig. 1. Two figures contain all points of a square, and the others contain four points
of a regular pentagon. All points of a square and four points of a regular pentagon are both in a
circle. Therefore the condition (X) holds.
On the other hand, we suppose that V is a 3-distance set. So there exists a pair of points
P2, . . . , P7 whose distance is c that is distinct from r1 and r2. Since P2 Pi = r1 or r2 (i =
3, . . . , 7), c is the distance apart of a pair of points P3, . . . , P7. If Pi Pj = c holds for some
Pi ∈ V1 and Pj ∈ V2, then 
P2 Pi Pj would be scalene with sides r1, r2, c, contrary to the
configuration hypothesis. Thus the following condition holds:
Pi Pj = r1 or r2 for any Pi ∈ V1 and Pj ∈ V2. (6)
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Fig. 1. All 6-point 2-distance sets in R3 (from Einhorn and Schoenberg [6]).
Because c is the distance apart of a pair of points in V1 or V2, at least one of P3 P4, P3 P5, P4 P5,
and P6 P7 is c.
We suppose that P6 P7 = c. Let Pi ∈ V1 and consider 
Pi P6 P7. Since Pi P6 and Pi P7 are of
length r1 or r2 by (6), we must have Pi P6 = Pi P7. Thus the three points P3, P4, and P5 are on
the plane perpendicularly bisecting P6 P7, the sphere S1, and the sphere S. But the plane and the
two spheres intersect at exactly two points. This is a contradiction. Therefore P6 P7 = c, without
loss of generality we may assume P3 P4 = c.
Next we suppose that P3 P4 = P3 P5 = c. Let Pj ∈ V2 and consider 
P3 P4 Pj . Because P3 Pj
and P4 Pj are of length r1 or r2 by (6), we must have P3 Pj = P4 Pj . When we consider 
P3 P5 Pj
similarly, we must have P3 Pj = P5 Pj . Thus P6 and P7 are on the plane perpendicularly
bisecting P3 P4, the plane perpendicularly bisecting P3 P5, the sphere S2 and the sphere S. Since
the segment P3 P4 and the segment P3 P5 are not mutually parallel, the two planes and the two
spheres have no intersection. Hence P3 P4 = P3 P5 = c does not hold. Similarly we can show
that P3 P4 = P4 P5 = c does not hold.
Therefore {P2, P4, P5, P6, P7} is a 2-distance set, the condition (Y) holds. 
Summing up the results of Propositions 8.1 and 8.2, we have:
Lemma 8.3. For any isosceles 7-point 3-distance set of 6-configuration, one of the conditions
(X) and (Y ) is true.
Therefore combining Lemmas 3.1, 4.1, 5.1, 6.4, 7.1 and 8.3, we have Lemma 3.2. 
From now on, we observe the condition (X) and (Y) respectively.
9. Observation of the condition (X)
We observe the condition (X). Lemma 9.1 can be proved by the same method as is given in
the proof of Lemma 18 in Croft [4].
Lemma 9.1. Let P1, P2, P3, P4 lie on a circle and form a P(4)-set. Then they are either all the
vertices of a square, or four of the vertices of a regular pentagon.
9.1. Classification of isosceles 7-point 3-distance sets in R3 containing a square
The proofs of the next two propositions are by methods similar to those used in the proofs of
lemmas in Croft [4].
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Proposition 9.2. Let four points P1, P2, P3, P4 in a P(7)-set form a square. We may suppose
that P1 = (− 12 ,− 12 , 0), P2 = ( 12 ,− 12 , 0), P3 = ( 12 , 12 , 0), P4 = (− 12 , 12 , 0). And let the center
(0, 0, 0) be O, and let the plane that contains the square be Π . Then the only other possible
situations for the remaining points are
(i) on the vertical line L through O, or
(ii) at some of Q1, . . . , Q8, where
Q1 =
(
0,−1
2
,
√
3
2
)
, Q2 =
(
1
2
, 0,
√
3
2
)
, Q3 =
(
0,
1
2
,
√
3
2
)
,
Q4 =
(
−1
2
, 0,
√
3
2
)
, Q5 =
(
0,−1
2
,−
√
3
2
)
,
Q6 =
(
1
2
, 0,−
√
3
2
)
, Q7 =
(
0,
1
2
,−
√
3
2
)
, Q8 =
(
−1
2
, 0,−
√
3
2
)
.
(The squares Q1 Q2 Q3 Q4 and Q5 Q6 Q7 Q8 both have sides of length
√
2
2 .)
Proposition 9.3. Using the notation of Proposition 9.2, a P(7)-set cannot contain two
“adjacent” Q-points, by which we mean two Q-points both above, or both below Π , and whose
distance apart is
√
2
2 ; e.g. Q1 and Q2; Q7 and Q8.
Furthermore, a P(7)-set cannot contain three (or more) Q-points.
Lemma 9.4. Any isosceles 7-point 3-distance set which contains a square is isomorphic to one
of X1 and X2 in Theorem 2.1.
Proof. By Propositions 9.2 and 9.3, if a P(7)-set contains a square, then the other three points
satisfy one of the following cases:
(i) three points on L,
(ii) two points on L and one Q-point,
(iii) one point on L and two Q-points (which are not adjacent).
Consider case (i). By Proposition 3.4, if three points in a P(7)-set are collinear points, then the
other points must be on a circle. When we choose all the vertices of a square as the other points,
this set is an isosceles 7-point 3-distance set X1 in Theorem 2.1 with A(X1) = {1,
√
2,
√
2
2 }. This
is constructed from all points of a regular octahedron and its center.
We consider cases (ii) and (iii). We may assume that the first Q-point is Q1 because of
symmetry. Let a point on L be L1 = (0, 0, z) and we consider 
P1 Q1 L1. Since we have
P1 Q1 = 1, P1 L1 =
√
z2 + 12 , and Q1 L1 =
√
1
4 + (z −
√
3
2 )
2
, z is one of
√
2
2 ,−
√
2
2 , 0,
√
3,
and
√
3
6 . On the other hand, we consider 
P3 Q1 L1. Because P3 Q1 =
√
2, P3 L1 =
√
z2 + 12 ,
and Q1 L1 =
√
1
4 + (z −
√
3
2 )
2
, z is one of
√
3+√7
2 ,
√
3−√7
2 ,
√
6
2 ,−
√
6
2 , and
√
3
6 . So we have
only one point (0, 0,
√
3
6 ) on L, case (ii) does not exist. We have only to consider case (iii),
L1 = (0, 0,
√
3
6 ).
The other Q-point is Q3, Q5, Q6, Q7, or Q8. We check each case. If we choose Q3,
then {P1, . . . , P4, Q1, Q3, L1} is an isosceles 7-point 3-distance set X2 in Theorem 2.1 with
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A(X2) = {1,
√
2,
√
21
6 }. In other cases, 
P1 Qi L1 (i = 5, . . . , 8) would be scalene with sides
1,
√
21
6 ,
√
57
6 or
√
2,
√
21
6 ,
√
57
6 . These are contradictions.
Therefore any isosceles 7-point 3-distance set which contains a square is isomorphic to one
of X1 and X2 in Theorem 2.1. 
9.2. Classification of isosceles 7-point 3-distance sets in R3 containing four points of a regular
pentagon
The proofs of the next two propositions are by methods similar to those used in the proofs of
lemmas in Croft [4].
Proposition 9.5. Suppose a P(7)-set contains four vertices of a regular pentagon, P1, P2, P3, P4
(in order, with the “gap” between P4 and P1), lying in a horizontal plane. Then the only other
possible situations for the remaining points are
(i) at T the remaining vertex of the pentagon,
(ii) at two points Q1, Q2, which are the only points Q such that 
Q P4 P1 and 
Q P2 P3 are
both equilateral, or
(iii) on the vertical line L through the center of the pentagon.
Proposition 9.6. With the notation of the previous proposition, no P(7)-set can contain
P1, P2, P3, P4, T , and Q, where Q is either of Q1, Q2.
Lemma 9.7. Any isosceles 7-point 3-distance set which contains four points of a regular
pentagon is isomorphic to one of X3, . . . , X15 in Theorem 2.1.
Proof. Proposition 9.5, 9.6, and the assumption of this lemma imply the remaining three points
satisfy one of the following conditions:
(i) three points on L,
(ii) two points on L and the other is T ,
(iii) two points on L and the other is one of Q1 and Q2,
(iv) one point on L and the others are Q1 and Q2.
Consider case (i). By Proposition 3.4, if three points in a P(7)-set are collinear points, then the
others must be on a circle. But when we choose four vertices of a regular pentagon as the others,
this set is a 5-distance set. So isosceles 7-point 3-distance sets that satisfy case (i) do not exist.
Before considering the other cases, we prepare the following. Let the coordinates of four
points P1, . . . , P4 of a regular pentagon be P1 = (−1−
√
5
4 ,
√
10+2√5
4 , 0), P2 = (− 12 , 0, 0), P3 =
( 12 , 0, 0), P4 = ( 1+
√
5
4 ,
√
10+2√5
4 , 0). (The mid-point of P2 P3 is the origin. Each side of this
regular pentagon is 1.)
Then we have Q = (0, 1−
√
5
2
√
10+2√5
,±
√
10+2√5
2
√
5 ). We may suppose that Q1 =
(0, 1−
√
5
2
√
10+2√5
,
√
10+2√5
2
√
5 ) and Q2 = (0,
1−√5
2
√
10+2√5
,−
√
10+2√5
2
√
5 ).
Next we consider the configuration of two points on L, say L1 and L2. Let their coordinates
be L1 = (0, 3+
√
5
2
√
10+2√5
, z1), L2 = (0, 3+
√
5
2
√
10+2√5
, z2) (z1 > z2). (As for case (iv), we consider
only L1.)
Considering case (ii), we notice 
P2 L1 L2. Let P = {P1, P2, P3, P4, T, L1, L2}. If P is an
isosceles 7-point 3-distance set, then one of the following is satisfied:
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(A) P2 L1 = P2 L2 = 1,
(B) P2 L1 = P2 L2 = 1+
√
5
2 ,
(C) P2 Li = L1 L2 = 1 (i = 1 or 2),
(D) P2 Li = L1 L2 = 1+
√
5
2 (i = 1 or 2),
(E) P2 Li = L1 L2, P2 L j = 1 (i, j = 1 or 2, i = j),
(F) P2 Li = L1 L2, P2 L j = 1+
√
5
2 (i, j = 1 or 2, i = j),
(G) P2 L1 = P2 L2, L1 L2 = 1,
(H) P2 L1 = P2 L2, L1 L2 = 1+
√
5
2 ,
(I) P2 L1 = P2 L2 = L1 L2.
In case (A), we have z1 =
√
2
5+√5 and z2 = −
√
2
5+√5 . Then P is an isosceles 7-point
3-distance set X3 in Theorem 2.1 with A(X3) = {1, 1+
√
5
2 , 2z1}.
In case (B), we have z1 =
√
7+3√5
5+√5 and z2 = −
√
7+3√5
5+√5 . Then P is an isosceles 7-point
3-distance set X4 in Theorem 2.1 with A(X4) = {1, 1+
√
5
2 , 2z1}.
In case (C), we have two pairs. One is z1 = 1 +
√
2
5+√5 and z2 =
√
2
5+√5 . Then P is an
isosceles 7-point 3-distance set X5 in Theorem 2.1 with A(X5) = {1, 1+
√
5
2 ,
√
2 + 2z2}. The
other is z1 =
√
2
5+√5 and z2 = −1 +
√
2
5+√5 . Then P is an isosceles 7-point 3-distance set X6
in Theorem 2.1 with A(X6) = {1, 1+
√
5
2 ,
√
2 − 2z2}.
In case (D), we have two pairs. One is z1 = 1+
√
5
2 +
√
7+3√5
5+√5 and z2 =√
7+3√5
5+√5 . Then P is an isosceles 7-point 3-distance set X7 in Theorem 2.1 with A(X7) =
{1, 1+
√
5
2 ,
√
1
4 + 7+3
√
5
20+4√5 + (z1)2}. The other is z1 =
√
7+3√5
5+√5 and z2 = −
1+√5
2 +√
7+3√5
5+√5 . Then P is an isosceles 7-point 3-distance set X8 in Theorem 2.1 with A(X8) =
{1, 1+
√
5
2 ,
√
1
4 + 7+3
√
5
20+4√5 + (z2)2}.
In case (E), we have z1 =
√
2
5+√5 and z2 = −
1+√5
2
√
2(5+√5) . Then P is an isosceles 7-point
3-distance set X9 in Theorem 2.1 with A(X9) = {1, 1+
√
5
2 ,
1
2
√
5+√5
2 }.
In case (F), we have z1 =
√
7+3√5
5+√5 and z2 =
2+√5√
50+22√5
. Then P is an isosceles 7-point
3-distance set X10 in Theorem 2.1 with A(X10) = A(X9).
In case (G), we have z1 = 12 and z2 = − 12 . Then P is an isosceles 7-point 3-distance set X11
in Theorem 2.1 with A(X11) = {1, 1+
√
5
2 ,
√
17+5√5
4(5+√5) }.
In case (H), we have z1 = 1+
√
5
4 and z2 = − 1+
√
5
4 . Then P is an isosceles 7-point 3-distance
set X12 in Theorem 2.1 with A(X12) = {1, 1+
√
5
2 ,
√
11+4√5
2(5+√5) }.
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In case (I), we have z1 =
√
3+√5
3(5+√5) and z2 = −
√
3+√5
3(5+√5) . Then P is an isosceles 7-point
3-distance set X13 in Theorem 2.1 with A(X13) = {1, 1+
√
5
2 , 2z1}.
Therefore we have eleven 7-point 3-distance sets satisfying case (ii).
Next we consider case (iii) and (iv). We may assume that the (first) Q-point is Q1 because
of symmetry. Since 
P1 Q1 Li (i = 1, 2) must satisfy the configuration hypothesis, one of the
following holds:
(i) P1 Li = Q1 Li holds, and then zi = 12
√
5+√5
10 ,
(ii) P1 Q1 = P1 Li holds, and then zi = ±
√
7+3√5
5+√5 ,
(iii) P1 Q1 = Q1 Li holds, and then zi = (1+
√
5)
√
2(5+√5)+
√
200+88√5
2(5+√5) ,−
√
2
5+√5 .
On the other hand, when we consider 
P2 Q1 Li (i = 1, 2), one of the following holds:
(i) P2 Li = Q1 Li holds, and then zi = 12
√
5+√5
10 ,
(ii) P2 Q1 = P2 Li holds, and then zi = ±
√
2
5+√5 ,
(iii) P2 Q1 = Q1 Li holds, and then zi =
√
7+3√5
5+√5 ,
−1+√5√
2(5+√5)
.
So zi = 12
√
5+√5
10 , −
√
2
5+√5 , or
√
7+3√5
5+√5 .
Consider case (iii). When z1 = 12
√
5+√5
10 and z2 = −
√
2
5+√5 , {P1, P2, P3, P4, Q1, L1, L2} is
an isosceles 7-point 3-distance set X14 in Theorem 2.1 with A(X14) = A(X9).
When z1 =
√
7+3√5
5+√5 and z2 =
1
2
√
5+√5
10 , {P1, P2, P3, P4, Q1, L1, L2} is an isosceles 7-point
3-distance set X15 in Theorem 2.1 with A(X15) = A(X9).
When z1 =
√
7+3√5
5+√5 and z2 = −
√
2
5+√5 , 
P2 L1 L2 is scalene with sides 1,
1+√5
2 , z1 − z2.
This is a contradiction.
We consider case (iv). It holds that z1 = 12
√
5+√5
10 , −
√
2
5+√5 , or
√
7+3√5
5+√5 . Moreover we
consider 
Q1 Q2 L1, one of the following holds:
(i) Q1 L1 = Q2 L1 holds, and then L1 is the center of the regular pentagon, that is, z1 = 0,
(ii) Q1 Q2 = Q1 L1 holds, and then z1 =
√
10+2√5±
√
30+6√5
2
√
5 ,
(iii) Q1 Q2 = Q2 L1 holds, and then z1 = −
√
10+2√5±
√
30+6√5
2
√
5 .
But these are different from 12
√
5+√5
10 , −
√
2
5+√5 , and
√
7+3√5
5+√5 . So this case does not exist.
Therefore any isosceles 7-point 3-distance set which contains four points of a regular pentagon
is isomorphic to one of X3, . . . , X15 in Theorem 2.1. 
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Table 3
5-point graphs (from Einhorn and Schoenberg [6])
10. Observation of the condition (Y)
10.1. Classification of 5-point 2-distance sets in R3 following Einhorn and Schoenberg
We observe the condition (Y). Here we use the classification of 5-point 2-distance sets in R3
(includingR2) given by Einhorn and Schoenberg [6]. They considered 5-point graphs which have
at most five edges and their complementary graphs. Edges in a graph represent the first distance.
We regard the others (that is, transparent edges) as the second. Here we need not consider the
graph which has no edge, because there is no 5-point 1-distance set. Let the complimentary graph
of a graph G be G′. We remark that 17 graphs in Table 3, their complimentary graphs, the graph
which has no edge and the complete graph are all 5-point graphs.
From these 17 graphs in Table 3 and their complimentary graphs, Einhorn and Schoenberg
classified 5-point 2-distance sets in R3. Table 4 is the list of all 5-point 2-distance sets whose
distances are 1 and b (>1). Here transparent edges stand for distance 1 and solid line edges
stand for distance b. We see that there are twenty-seven 5-point 2-distance sets by looking at
Table 4.
We can classify twenty-seven sets into the following.
(i) Six sets contain a regular tetrahedron. Their graphs are (5,1,1), (5,2,1), (5,2,1)′, (5,3,1),
(5,3,1)′, and (5,4,1)′.
(ii) Ten sets contain a regular triangular pyramid (not a regular tetrahedron). They have one of
(5,3,2), (5,4,2), (5,4,2)′, (5,4,3), (5,4,3)′, (5,4,4), (5,5,1), (5,5,1)′, (5,5,3), and (5,5,3)′.
(iii) Another four sets have the 4-point subgraph
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Table 4
All 5-point 2-distance sets whose distances are 1 and b(>1) (from Einhorn and Schoenberg [6])
Graph b2 Graph b2
(5,1,1) 83 (5,1,1)′ not exist
(5,2,1) 3+
√
6
2 (5,2,1)′
2(3+√6)
3
(5,2,2) 2 (5,2,2)′ not exist
(5,3,1) 2(3+
√
6)
3 (5,3,1)′ 3+
√
6
2
(5,3,2) 94 (5,3,2)′ not exist
(5,3,3) ( 1+
√
5
2 )
2 (5,3,3)′ ( 1+
√
5
2 )
2
(5,3,4) 17+
√
161
16 (5,3,4)′ 17+
√
161
8
(5,4,1) not exist (5,4,1)′ 83
(5,4,2) (1.68)2 (5,4,2)′ (1.85)2
(5,4,3) (1.51)2 (5,4,3)′ (1.50)2
(5,4,4) 127 (5,4,4)′ not exist
(5,4,5) 72 (5,4,5)′ 2
(5,4,6) 2 (5,4,6)′ 5+
√
21
4
(5,5,1) 13+
√
105
8 (5,5,1)′ 13+
√
105
8
(5,5,2) ( 1+
√
5
2 )
2 (5,5,2)′ =(5,5,2)
(5,5,3) (1.38)2 (5,5,3)′ (1.58)2
(5,5,4) ( 1+
√
5
2 )
2 (5,5,4)′ =(5,5,4)
Their graphs are (5,3,4), (5,3,4)′, (5,4,5), and (5,4,6)′.
(iv) The other seven sets satisfy the condition (X).
If we repeat the discussion from Section 9, then clearly any isosceles 7-point 3-distance set
satisfying case (iv) is isomorphic to one of X1, . . . , X15 in Lemmas 9.4 and 9.7. So we consider
cases (i)–(iii).
We see that the graphs satisfying one of cases (i)–(iii) contain a regular triangle. As regards
P(7)-sets containing a regular triangle, the following proposition holds.
Proposition 10.1. Let three points P1, P2, P3 in a P(7)-set form a regular triangle. Then the only
other possible situations for the remaining points are
(i) on the plane x perpendicularly bisecting P1 P2,
(ii) on the plane y perpendicularly bisecting P2 P3, or
(iii) on the plane z perpendicularly bisecting P3 P1.
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Proof. We consider the position of Pi (i = 4, . . . , 7). We suppose that Pi is not on x , not on
y, and not on z. Considering 
P1 P2 Pi , P1 P2 = P1 Pi or P1 P2 = P2 Pi holds. We may suppose
P1 P2 = P1 Pi holds. So P1 P2 = P2 Pi .
Next by considering 
P2 P3 Pi , P2 P3 = P3 Pi holds because of the hypothesis and P2 P3 =
P2 Pi . Then 
P1 P3 Pi is a regular triangle, Pi is on z. This is a contradiction. Therefore this
proposition is true. 
10.2. Observation of case (i)
Let P = {P1, . . . , P7} be an isosceles 7-point 3-distance set and let four points P1, P2, P3, P4
form a regular tetrahedron. We may suppose that P1 = (0,
√
3
3 , 0), P2 = (− 12 ,−
√
3
6 , 0), P3 =
( 12 ,−
√
3
6 , 0), P4 = (0, 0,
√
6
3 ). (All side lengths are 1.)
Proposition 10.2. No isosceles 7-point 3-distance set which contains a regular tetrahedron
exists.
Proof. We consider the position of P5. By Proposition 10.1, P5 is on the plane x , the plane y,
or the plane z. If P5 is on more than two planes, then it is on the vertical line L through (0,0,0).
We suppose that P5 is on L. Consider 
P1 P4 P5. If P4 P5 = 1, then P5 is (0, 0,
√
6
3 + 1) or
(0, 0,
√
6
3 − 1). If P1 P5 = P4 P5, then P5 is (0, 0,
√
6
12 ). If P1 P5 = 1, then P5 is (0, 0,−
√
6
3 ). So
there are four points on L which can be P5.
Next we suppose that P5 is on exactly one plane (but not on L). We may assume that P5 is
on y because of symmetry. Considering 
P1 P3 P5, P5 P1 = 1 or P5 P3 = 1 holds. Considering

P1 P2 P5 similarly, P5 P1 = 1 or P5 P2 = 1 holds. Because we suppose that P5 is on y, P5 P1 = 1
or P5 P3 = P5 P2 = 1 holds.
If P5 P1 = 1, then P5 P3 = 1 and P5 P2 = 1. Considering 
P2 P4 P5, then we have P2 P4 =
P4 P5 = 1 or P2 P5 = P4 P5. Moreover considering 
P3 P4 P5, then we have P3 P4 = P4 P5 = 1 or
P3 P5 = P4 P5. Since P5 is on y, P5 P3 = 1, and P5 P2 = 1, we have P2 P4 = P3 P4 = P4 P5 = 1
or P2 P5 = P3 P5 = P4 P5.
P5 which satisfies the former is (0, 3
√
2+√3
6 ,
√
6+3
6 ) or (0,
−3√2+√3
6 ,
√
6−3
6 ), and P5 satisfying
the latter is (0, −2
√
2+√3
3 ,
1
3 ) or (0,
2
√
2+√3
3 ,− 13 ).
On the other hand, if P5 P3 = P5 P2 = 1, then P5 P1 = 1. Considering 
P1 P4 P5, we have
P1 P4 = P4 P5 = 1 or P1 P5 = P4 P5.
P5 which satisfies the former is (0,− 5
√
3
9 ,
2
√
6
9 ), and P5 satisfying the latter is (0,
3
√
2−√3
6 ,
1
2 )
or (0, −3
√
2−√3
6 ,− 12 ).
So there are seven possibilities for P5 on y.
But P5 may be on x or z. So we can turn these seven points by 2π3 or − 2π3 , there are
7 × 3 + 4 = 25 possibilities for P5. These 25 points are the following.
Q1 =
(
0,
3
√
2 + √3
6
,
√
6 + 3
6
)
, Q2 =
(
0,
−3√2 + √3
6
,
√
6 − 3
6
)
,
Q3 =
(√
6 + 1
4
,
−3√2 − √3
12
,
√
6 + 3
6
)
, Q4 =
(√
6 − 1
4
,
3
√
2 − √3
12
,
√
6 − 3
6
)
,
Q5 =
(
−√6 − 1
4
,
−3√2 − √3
12
,
√
6 + 3
6
)
, Q6 =
(
−√6 + 1
4
,
3
√
2 − √3
12
,
√
6 − 3
6
)
,
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Q7 =
(
0,
−2√2 + √3
3
,
1
3
)
, Q8 =
(
0,
2
√
2 + √3
3
,−1
3
)
,
Q9 =
(
2
√
6 − 3
6
,
2
√
2 − √3
6
,
1
3
)
, Q10 =
(
2
√
6 + 3
6
,
−2√2 − √3
6
,−1
3
)
,
Q11 =
(
−2√6 + 3
6
,
2
√
2 − √3
6
,
1
3
)
, Q12 =
(
−2√6 − 3
6
,
−2√2 − √3
6
,−1
3
)
,
Q13 = (0,−5
√
3
9
,
2
√
6
9
), Q14 =
(
5
6
,−5
√
3
18
,
2
√
6
9
)
, Q15 =
(
−5
6
,−5
√
3
18
,
2
√
6
9
)
,
Q16 =
(
0,
3
√
2 − √3
6
,
1
2
)
, Q17 =
(
0,
−3√2 − √3
6
,−1
2
)
,
Q18 =
(√
6 − 1
4
,
−3√2 + √3
12
,
1
2
)
, Q19 =
(√
6 + 1
4
,
3
√
2 + √3
12
,−1
2
)
,
Q20 =
(
−√6 + 1
4
,
−3√2 + √3
12
,
1
2
)
, Q21 =
(
−√6 − 1
4
,
3
√
2 + √3
12
,−1
2
)
,
Q22 =
(
0, 0,
√
6
3
+ 1
)
, Q23 =
(
0, 0,
√
6
3
− 1
)
,
Q24 =
(
0, 0,
√
6
12
)
, Q25 =
(
0, 0,−
√
6
3
)
.
Since P6 and P7 have the same property as P5, we must choose P6 and P7 from
Q1, . . . , Q25. We check in all cases whether {P1, . . . , P4, Qi , Q j , Qk} is an isosceles
7-point 3-distance set or not, where i, j, k are all distinct. Then only {P1, . . . , P4, Q1, Q3, Q5},
{P1, . . . , P4, Q2, Q4, Q6}, {P1, . . . , P4, Q7, Q9, Q11}, {P1, . . . , P4, Q8, Q10, Q12}, {P1, . . . ,
P4, Q13, Q14, Q15}, {P1, . . . , P4, Q16, Q18, Q20}, {P1, . . . , P4, Q17, Q19, Q21}, {P1, . . . , P4,
Q13, Q14, Q25}, {P1, . . . , P4, Q13, Q15, Q25}, and {P1, . . . , P4, Q14, Q15, Q25} are 3-distance
sets. But all sets contain a scalene.
Therefore no isosceles 7-point 3-distance set which contains a regular tetrahedron exists. 
10.3. Observation of case (ii)
Let P = {P1, . . . , P7} be an isosceles 7-point 3-distance set and four points P1, P2, P3, P4
form a regular triangular pyramid. We may suppose that P1 = (0,
√
3
3 , 0), P2 =
(− 12 ,−
√
3
6 , 0), P3 = ( 12 ,−
√
3
6 , 0). Let b ( = 1) be the other distance in a 5-point 2-distance
set which satisfies case (ii), then we have (0, 0,±
√
b2 − 13 ) as P4. We may assume that
P4 = (0, 0,
√
b2 − 13 ).
Proposition 10.3. If an isosceles 7-point 3-distance set which contains a regular triangular
pyramid exists, then this is isomorphic to X2 in Lemma 9.4.
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Proof. We consider the position of P5 as in Proposition 10.2. By Proposition 10.1, P5 is on the
plane x , the plane y, or the plane z. If P5 is on more than two planes, then it is on the vertical
line L through (0,0,0). We suppose that P5 is on L. Consider 
P1 P4 P5. If P4 P5 = 1, then P5
is (0, 0,
√
b2 − 13 + 1) or (0, 0,
√
b2 − 13 − 1). If P1 P5 = P4 P5, then P5 is (0, 0,
b2
2 − 13√
b2− 13
). If
P1 P5 = 1, then P5 is (0, 0,−
√
b2 − 13 ). So there are four points on L which can be P5.
Next we suppose that P5 is on exactly one plane (but not on L). We may assume that P5 is
on y because of symmetry. Considering 
P1 P3 P5, P5 P1 = 1 or P5 P3 = 1 holds. Considering

P1 P2 P5 similarly, P5 P1 = 1 or P5 P2 = 1 holds. Because we suppose that P5 is on y, P5 P1 = 1
or P5 P3 = P5 P2 = 1 holds.
If P5 P1 = 1, then P5 P3 = 1 and P5 P2 = 1. Considering 
P2 P4 P5, then we have
P2 P4 = P4 P5 = b, P2 P4 = P2 P5 = b or P2 P5 = P4 P5. Moreover considering 
P3 P4 P5,
then we have P3 P4 = P4 P5 = b, P3 P4 = P3 P5 = b, or P3 P5 = P4 P5. Since P5 is
on y (that is, P5 P3 = P5 P2), we have only to consider P2 P4 = P3 P4 = P4 P5 = b,
P2 P4 = P2 P5 = P3 P4 = P3 P5 = b, or P2 P5 = P3 P5 = P4 P5.
For each condition, there are at most two points (for each b) that can be P5 by the calculations.
On the other hand, if P5 P3 = P5 P2 = 1, then P5 P1 = 1. Considering 
P1 P4 P5, then we
have P1 P4 = P4 P5 = b, P1 P4 = P1 P5 = b, or P1 P5 = P4 P5.
There is at most one point (for each b) that can be P5 such that P1 P4 = P4 P5 = b, there are
at most two points (for each b) that can be P5 such that P1 P4 = P1 P5 = b, and there is at most
one point (for each b) that can be P5 such that P1 P5 = P4 P5 by the calculations.
So there are at most 10 possibilities for P5 on y.
But P5 may be on x or z. So we can turn these 10 points by 2π3 or − 2π3 . For each b, there are
at most 10 × 3 + 4 = 34 possibilities for P5.
Here b is one of 32 ,
√
21
6 ,
√
13+√105
2
√
2
,
2
√
2√
13+√105
,
1
1.68 , 1.85, 1.51,
1
1.50 ,
1
1.38 , and 1.58. They
are the values in Table 4 or the reciprocal numbers. Let x1 be the second largest solution of
5 + 3x − 5x2 + x3 = 0, x2 be the smallest solution of 5 + 3x − 5x2 + x3 = 0, x3 be the largest
solution of 5+8x −4x2 −4x3 = 0, x4 be the second largest solution of 5+8x −4x2 −4x3 = 0,
x5 be the largest solution of 5 + 5x − 8x2 − 4x3 = 0, and x6 be the second largest solution of
5 + 5x − 8x2 − 4x3 = 0, we remark that 1.68 = √x1 + 1, 1.85 = 1√x2+1 , 1.51 =
√
x3 + 1,
1.50 = 1√
x4+1 , 1.38 =
√
x5 + 1, and 1.58 = 1√x6+1 (see Einhorn and Schoenberg [5] and [6]).
Since P6 and P7 have the same property as P5, we must choose P6 and P7 from 34 points
above (for each b). We have only to check for all cases whether {P1, . . . , P7} is an isosceles
7-point 3-distance set or not. Then there are some 3-distance sets. But there is only one isosceles
7-point 3-distance set that is isomorphic to X2 in Lemma 9.4 when b =
√
21
6 . 
10.4. Observation of case (iii)
Let P = {P1, . . . , P7} be an isosceles 7-point 3-distance set and P1, P2, P3, P4 form
the 4-point graph which satisfies case (iii). We may suppose that P1 = (0,
√
3
3 , 0), P2 =
(− 12 ,−
√
3
6 , 0), P3 = ( 12 ,−
√
3
6 , 0). Let b ( = 1) be the other distance in a 5-point 2-distance
set satisfying case (iii). We can assume that P1 P4 = 1, P2 P4 = P3 P4 = b from the 4-
point graph. Then we have (0,
√
3(b2−1)
3 ,±
√
−b4+4b2−1√
3 ) as P4. We may assume that P4 =
(0,
√
3(b2−1)
3 ,
√
−b4+4b2−1√
3
).
H. Kido / European Journal of Combinatorics 28 (2007) 685–704 703
Proposition 10.4. No isosceles 7-point 3-distance set which satisfies case (iii) exists.
Proof. We consider the position of P5 as in Propositions 10.2 and 10.3. By Proposition 10.1, P5
is on the plane x , the plane y, or the plane z. If P5 is on more than two planes, then it is on the
vertical line L through (0,0,0). We suppose that P5 is on L. Consider 
P1 P4 P5. If P4 P5 = 1,
then there are two points that can be P5. If P1 P5 = P4 P5, then there is one point that can be P5.
If P1 P5 = 1, then there are two points that can be P5. So there are five points on L which can be
P5.
Next we suppose that P5 is on exactly one plane (but not on L). We suppose that P5 is on
y. Considering 
P1 P3 P5, P5 P1 = 1 or P5 P3 = 1 holds. Considering 
P1 P2 P5 similarly,
then P5 P1 = 1 or P5 P2 = 1 holds. Because we suppose that P5 is on y, P5 P1 = 1 or
P5 P3 = P5 P2 = 1 holds.
If P5 P1 = 1, then P5 P3 = 1 and P5 P2 = 1. Consider 
P2 P4 P5, then we have P2 P4 =
P4 P5 = b, P2 P4 = P2 P5 = b or P2 P5 = P4 P5. Moreover we consider 
P3 P4 P5. Then we
have P3 P4 = P4 P5 = b, P3 P4 = P3 P5 = b, or P3 P5 = P4 P5. Since P5 is on y (that is,
P5 P3 = P5 P2), we have only to consider P2 P4 = P3 P4 = P4 P5 = b, P2 P4 = P2 P5 = P3 P4 =
P3 P5 = b, or P2 P5 = P3 P5 = P4 P5.
There are at most two points for each b that can be P5 satisfying P2 P4 = P3 P4 = P4 P5 = b,
there is one point (0,
√
3(b2−1)
3 ,−
√
−b4+4b2−1√
3
) for each b that can be P5 satisfying P2 P4 =
P2 P5 = P3 P4 = P3 P5 = b, and there are at most two points for each b that can be P5 satisfying
P2 P5 = P3 P5 = P4 P5 by the calculations.
On the other hand, if P5 P3 = P5 P2 = 1, then P5 P1 = 1. Consider 
P1 P4 P5, then we have
P1 P4 = P4 P5 = 1 or P1 P5 = P4 P5.
There is at most one point for each b that can be P5 satisfying P1 P4 = P4 P5 = 1, and there
are at most two points for each b that can be P5 satisfying P1 P5 = P4 P5 by the calculations.
So there are at most eight possibilities for P5 on y.
However, we can turn these eight points by neither 2π3 nor − 2π3 as in Propositions 10.2
and 10.3 because P4 is not on L. So we must discuss the possibilities of P5 on x and on z
independently. Since points can be P5 on x and those on z are symmetric with respect to the y
axis (in R3), we have only to discuss one case.
We suppose that P5 is on x . Considering 
P1 P3 P5, P5 P1 = 1 or P5 P3 = 1 holds. Considering

P2 P3 P5 similarly, P5 P3 = 1 or P5 P2 = 1 holds. Because P5 is on x , P5 P3 = 1 or
P5 P1 = P5 P2 = 1 holds.
If P5 P3 = 1, then P5 P1 = 1 and P5 P2 = 1. We consider 
P3 P4 P5. Then we have
P3 P4 = P4 P5 = b or P3 P5 = P4 P5 = 1.
There are at most two points for each b that can be P5 satisfying the former, and as for the
latter, there are at most two points for each b that can be P5 by the calculations.
On the other hand, if P5 P1 = P5 P2 = 1, then P5 P3 = 1. We consider 
P2 P4 P5. Then we
have P2 P4 = P4 P5 = b or P2 P5 = P4 P5 = 1.
There is at most one point for each b that can be P5 satisfying P2 P4 = P4 P5 = b, and there
are at most two points for each b that can be P5 satisfying P2 P5 = P4 P5 = 1 by the calculations.
So there are at most seven possibilities for P5 on x and there are at most seven possibilities
for P5 on z. Therefore for each b, there are at most 5 + 8 + 7 + 7 = 27 possibilities for P5.
Here b is one of
√
17+√161
4 ,
2
√
2√
17+√161
,
√
14
2 , and
2√
5+√21
. They are the values in Table 4 or
the reciprocal numbers.
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Because P6 and P7 have the same property as P5, we must choose P6 and P7 from 27 points
above (for each b). We have only to check for all cases whether {P1, . . . , P7} is an isosceles 7-
point 3-distance set or not. Then there is no 3-distance set, and so no isosceles 7-point 3-distance
set which satisfies case (iii) exists. 
So we have the following result.
Lemma 10.5. Any isosceles 7-point 3-distance set satisfying the condition (Y) is isomorphic to
one of X1, . . . , X15 in Lemmas 9.4 and 9.7.
11. Completion of the proof of Theorem 2.1
First, Lemma 3.1 holds if a P(7)-set exists. In any case of Lemma 3.1, if there exists an
isosceles 7-point 3-distance set, then the condition (X) or the condition (Y) holds by Lemmas 4.1,
5.1, 6.4, 7.1 and 8.3.
When the condition (X) holds, four points that lie on a circle are either all the vertices of a
square, or four of the vertices of a regular pentagon by Lemma 9.1. If they are the vertices of
a square, then two isosceles 7-point 3-distance sets exist by Lemma 9.4. On the other hand, if
they are four of the vertices of a regular pentagon, then Lemma 9.7 implies that thirteen isosceles
7-point 3-distance sets exist.
Next we consider when the condition (Y) holds. If an isosceles 7-point 3-distance set
satisfying the condition (Y) exists, then it is isomorphic to one of the fifteen sets above by
Lemma 10.5.
Therefore any isosceles 7-point 3-distance set in R3 is isomorphic to one of the fifteen
sets. 
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